If we add a simple rotation term to both the Ornstein-Uhlenbeck semigroup and definition of the H-derivative, then analogue to the classical Malliavin calculus on the real Wiener space [I. Shigekawa, Stochastic analysis, 2004], we get a normal but nonsymmetric Ornstein-Uhlenbeck operator L on the complex Wiener space. The eigenfunctions of the operator L are given. In addition, the hypercontractivity for the nonsymmetric Ornstein-Uhlenbeck semigroup is shown. MSC: 60H07,60G15.
Introduction
In [1] , the following stochastic differential equation is considered:
where Z t = X 1 (t) + iX 2 (t), α = ae iθ = r + iΩ with a > 0, θ ∈ (− π 2 , π 2 ), and ζ t = B 1 (t) + iB 2 (t) is a complex Brownian motion. Clearly, when Ω = 0, the generator of the process is a 2-dimensional not symmetric but normal Ornstein-Uhlenbeck (OU) operator dxdy and we write a function ϕ(x, y) of the two real variables x and y as the function ϕ(z) of the complex argument x + iy (i.e., we use the complex representation of R 2 in (1.4) ). For simplicity, we can choose that a = 1 and r = σ 2 = cos θ then (1.4) becomes
If we let z 0 , z be in the infinite dimensional space (C 0 ([0, T ] → C 1 ), we can define the nonsymmetric OU semigroup on (C 0 ([0, T ] → C 1 ) (see Definition 2.1). This idea is similar to the symmetric case [9] . This is the topic of Section 2.
The topic of Section 3 is how to obtain a concrete expression of the generator L of the above OU semigroup with rotation. We extend the definition of the Gateaux derivative and the H-derivative to the function F : B → C and consider the derivative of the function F (x+e iθ ty) with t ∈ R and θ ∈ (− π 2 , π 2 ) at t = 0 (i.e., here the rotation term in the derivative corresponds to the one in the above OU semigroup). Furthermore, since we consider complex-value functions, we need the conjugate-linear functional. This idea also comes from the symmetric case [9] .
In Section 4, we recall the Itô-Wiener chaos decomposition and give all the eigenfunctions of the generator L. In addition, we show the hypercontractivity for the above OU semigroup.
The nonsymmetric OU semigroup
By the complex representation of R 2 , the planar Brownian motion (B 1 , B 2 ) will be written B = B 1 + iB 2 . Let H 1 be the 1-dimensional Cameron-Martin space [9] , and denote H the complex Hilbert space H = H 1 + iH 1 with the natural inner product
Clearly, one can choose a c.o.n.s of H to be
: m = 1, 2, . . . . We look the 2-dimensional Wiener space as a complex Wiener space
Definition 2.1. Let the above notation prevail. We define transition probability on B as follows.
A ∈ B(B) (the Borel σ-field generated by all open sets),
The following property about the measure µ is well known.
Proposition 2.2. For any a ∈ R, the induced measure of µ under the mapping x → e ia x is identical to µ, that is to say, µ is rotation invariant. In addition, for any t ≥ 0, denote the induced measure of µ under the mapping x → √ tx by µ t , then µ t ⋆ µ s = µ t+s ( * is the convolution operator).
An argument similar to the one used in the real case [9, p21] shows that P t (x, A) satisfies the Chapman-Kolmogorov equation.
(by the rotation invariant of the measure µ(dy)) on the complex Malliavin calculus
The associated Markov process to P t (x, A) is called a complex-valued Ornstein-Uhlenbeck process. Similar to the real case [9, Proposotion 2.2], it follows Kolmogorov's critertion and the rotation invariance of µ that the Ornstein-Uhlenbeck process is realized as a measure on C([0, ∞) → B).
The associated semigroup {T t , t ≥ 0} is defined as follows: for a bounded Borel measurable function F ,
An argument similar to the one used in [9, Proposition 2.3, 2.4] shows that Proposition 2.3. µ is a unique invariant measure, i.e,
And {T t , t ≥ 0} is a strongly continuous contraction semigroup in L p (B, µ) (p ≥ 1).
The Ornstein-Uhlenbeck operator and the complex H-derivative
The generator of {T t } is called the Ornstein-Uhlenbeck operator, denoted by L. We will obtain a concrete expression of L in this section. Since there is a rotation term in the transition probabilities P t (x, A), to obtain a concrete expression of L, we need the complex H-derivative along a direction
Remark 1. Here we look ϕ 1 as a linear functional on B, and ϕ 2 a conjugatelinear functional. And we inherit the notation in [9] that
We can define higher order differentiability. For simplicity, we only present the 2-th case here. Definition 3.3. F is said to be 2-th H-differentiable along the direction θ if there exists a mapping (
where Φ 1 andΦ 2 are the bilinear forms 2 , and Φ 3 andΦ 4 are the sesquilinear forms 3 . Φ is called the 2-th H-derivative of F at x along θ, denoted by DD θ F (x). Definition 3.4. Let Φ be as in Definition 3.3. Φ is said to be of trace class if the supremum
is finite, where k n and h n run over all c.o.n.s of H. Furthermore, the trace of Φ is defined by
(3.13)
Here {h n } is a c.o.n.s of H, and this does not depend on a choice of c.o.n.s.
2 Here the bar is used for the conjugate instead of for the closure operator. 3 The definition of sesquilinear is that the first argument is linear and the second one is conjugate-linear. Remark 2. An argument similar to the one used in [7, p44] (A 2 h 2 , h 1 ) .
S stands for all functions F : B → C such that there exist n ∈ N, ϕ 1 , . . . , ϕ n ∈ B * , f ∈ C ∞ (C n ) so that
Here we assume that f with its derivatives has polynomial growth. If F ∈ S , then the two derivative are given in the following forms. Let z j = x, ϕ j , j = 1, . . . , n and denote
If ϕ ∈ B * , cϕ means that (cϕ)(x) = cϕ(x). Then the Gâteaux derivative is
The H-derivative is given by
where we adopt the convention that B * is the subspace of H * . (3.18) implies that the 2-th H-derivative is given by
If, in addition,
Proof. Suppose that F ∈ S is given by (3.14). We may assume that
is an orthonormal system of H * . Thus ξ = ( x, ϕ 1 , . . . , x, ϕ ) ∈ C n has a 2n-dimensional standard normal distribution and we have
The last equation is follows from the ingegral by part of the complex creation operator(see Lemma2.3 of [1] ). An argument similar to the one used in Proposition 2.7 of [9] shows that the convergence takes place in the topology of L p (B). Let t → 0, we have
which is exact (3.20).
4 Itô-Wiener chaos decomposition, Eigenfunctions and the hypercontractivity Definition 4.1 (Definition of the Hermite-Laguerre-Itô polynomials). Let m, n ∈ N and z = x + iy with x, y ∈ R. We define the sequence on C
We call it the Hermite-Laguerre-Itô polynomial in the present paper.
One can show [1] that (m!n!2 m+n )
e − x 2 +y 2 2 dxdy and 
of nonnegative integrals with finite sum, define
We name it the Fourier-Hermite-Itô polynomial. For two m, n ∈ Z + , the closed subspace spanned by {J m,n (x); |m| = m, |n| = n} in L 2 C (B, µ) is called the Itô-Wiener chaos of degree of (m, n) and is denoted by H m,n . 
The project from L The above theorem is well known, which is exact Example 3.32 of [3, p31] which is from view of the Gaussian Hilbert spaces. The reader can also give an elementary proof using an argument similar to Theorem 9.5.4 and 9.5.7 of [4] . Theorem 4.4. Let J m,n (x) be a Fourier-Hermite-Itô polynomial defined by (4.24) . Denote m = |m| , n = |n|. Then In fact, (4.29) is an alternative procedure for introducing the OU semigroup. Similar to the symmetric OU semigroup(see [6, p54] ), we define a nonsymmetric OU semigroup:
Definition 4.5. The nonsymmetric OU semigroup is the one-parameter semigroup {T t , t ≥ 0} of contraction operators on L 2 C (B) defined by
for any F ∈ L 2 C (B). Finially, similar to the proof of [9, Theorem 2.11], we have the hypercontractivity of the OU semigroup. Proposition 4.6. For the fixed t ≥ 0 and p > 1, set q(t) = e 2t (p − 1) + 1.
, it is enough to show this when B = C n . It is enough to show that for any 0 < a ≤ f, g ≤ b where f, g are Borel functions on C n , the following inequality holds [9, Theorem 2.11].
t , . . . , ζ (n) t ) ′ , 0 ≤ t ≤ 1 be an n-dimensional standard complex Brownian motion.ζ t is the complex conjugate. Letζ t be an independent copy of ζ t . For a given 0 < λ < 1 and a ∈ R, definê
Clearly,ζ t is still a standard complex Browian motion. Set
′ is the conjugate number of
It follows from the martingale (on filtrations induced by the complex Brownian motion) representation theorem that Note that (p − 1)(q ′ − 1) = λ, therefore,
Let t = 1 in the above inequality displayed, we have
From the definition ofζ and letting λ = e −t cos θ , a = sin θ, the above inequality displayed is exact (4.32). This ends the proof.
An argument similar to the one used in[9, Proposition 2.14, 2.15] shows the following boundedness of operator in L p (B, µ) (p > 1). Corollary 4.7. H m,n , the Itô-Wiener chaos of degree of (m, n), is a closed subspace in L p (B, µ) (p > 1) and its norms · p in L p (B, µ) (p > 1) are equivalent to each other. In addition, the project operator J m,n is bounded in L p (B, µ) (p > 1) and satisfies that J m,n J i,j = J i,j J m,n = δ m,i δ n,j J m,n (4.34)
T t J m,n = J m,n T t = e −(m+n)t cos θ−i(m−n)t sin θ J m,n . (4.35)
